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1. Introduction
This paper is concerned with the equation
2u+
1
2
x } {u+
1
p&1
u+|u| p&1 u=0 in Rn, (1.1)
where ne1 and p>1. This equation was introduced by Haraux and
Weissler [4] to study (forward) self-similar solutions of the parabolic
equation
vt=2v+|v| p&1 v in Rn.
If one seeks solutions of this equation of the special form
v(x, t)=t&1( p&1)u(t&12x), t>0.
then one can see easily that u(x) must satisfy (1.1).
In this paper, we restrict our attention to radial solutions of (1.1), i.e., a
solution of the form u=u(r), r=|x|. Then u(r) must satisfy the initial value
problem
urr+\n&1r +
r
2+ ur+
1
p&1
u+|u| p&1 u=0, r>0,
u(0)=:>0, ur(0)=0. (1.2)
We denote by u(r; :) the unique solution of (1.2). We say that a solution
of (1.2) is a rapidly decaying solution if it has a finite number of zeros in
(0, ) and satisfies
u(r; :)=0[\(r)&12] as r  , (1.3)
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where
\(r)=rn&1 exp(r24).
See [5] for more precise asymptotic behavior of u(r; :).
The existence of rapidly decaying solutions was investigated by Weissler
[7] via a variational method (see also [2] and [3] for generalized results).
It was shown in Theorem 1 of [7] that if (n&2) p<(n+2), then there
exist infinitely many rapidly decaying solutions. Conversely, it was shown
in Theorem 5 of [4] that if (n&2) pe(n+2), then u(r; :) has no zero in
(0, ) and decays more slowly than (1.3) for every :>0. In case n=1, the
uniqueness of a positive rapidly decaying solutions with prescribed num-
bers of zeros was proved by Weissler [6]. However no result has been
obtained in case n>1.
In this paper, we employ the method of [8] to show the following
theorem for the uniqueness.
Theorem 1. Let (n&2) pEn. For each nonnegative integer ie0, there
exists at most one :>0 such that u(r; :) becomes a rapidly decaying solution
with exactly i zeros in (0, ).
It should be noted that there is still a gap between the ranges of existence
and uniqueness.
This paper is organized as follows. In Section 2, we give two key
propositions. In the first proposition, we claim that the number of zeros of
u(r; :) monotonically increases as : increases. In the second proposition,
we describe a property of u(r; :) that is close to a rapidly decaying solu-
tion. Let u=.(r) be a rapidly decaying solution of (1.2) with exactly i
zeros in (0, ). Then we show that the (i+1)st zero of u(r; :) appears
from  when : exceeds .(0). By using these propositions, we give a proof
of Theorem 1. Sections 3 and 4 are devoted to proofs of the propositions.
2. Proof of Theorem 1
The following proposition will be proved in Section 3.
Proposition 1. Let (n&2) pEn. Then the number of zeros of u(r; :)
monotonically increases as : increases.
It should be noted that for every :, the number of zeros of u(r; :) in
(0, ) is finite at most (see Theorem 1 of [6]).
The next proposition will be proved in Section 4.
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Proposition 2. Let (n&2) pEn, and let u=.(r) be a rapidly decaying
solution of (1.2) with exactly i zeros in (0, ). If :&.(0)>0 is sufficiently
small, then u(r; :) has at least i+1 zeros in (0, ).
Now let us give a proof of Theorem 1 by using these propositions.
Proof of Theorem 1. Suppose that there exist two distinct rapidly
decaying solutions, say .(r) and (r), with exactly i zeros in (0, ).
Without loss of generality, we may assume that 0<.(0)<(0). By
Propositions 1 and 2, u(r; :) has at least i+1 zeros for every :>.(0). This
contradicts the supposition that (r) has exactly i zeros. K
3. Proof of Proposition 1
In this section, we consider the behavior of zeros of u(r; :) as : increases.
We will show that every zero of u(r; :) (if it exists) is a strictly decreasing
function of :. As a consequence, we can show that the number of zeros of
u(r; :) monotonically increases as : increases.
The equation in (1.2) can be written as
[\(r) ur]r+\(r) { 1p&1 u+|u| p&1 u==0. (3.1)
Set
U(r) :=

:
u(r; :).
Differentiating (3.1) by :, we see that U(r) satisfies
L[U(r)]=0, r>0, U(0)=1, Ur(0)=0, (3.2)
where L is a linear operator defined by
L[U] :=[\(r) Ur]r+\(r) { 1p&1+p |u(r; :)| p&1= U.
By (3.1), u(r; :) satisfies
L[u(r; :)]=( p&1) \(r) |u(r; :)| p&1 u(r; :). (3.3)
Set
V(r) :=
r
2
ur(r; :)+
1
p&1
u(r; :).
We note that V(0)=:( p&1)>0 and Vr(0)=0.
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Lemma 3.1. V(r) satisfies L[V(r)]=&\(r) V(r).
Proof. Differentiating (1.2) by r, we obtain
urrr+\n&1r +
r
2+ urr+
1
p&1
ur+ p |u| p&1 ur=\n&1r2 &
1
2+ ur .
By using this and (1.2), we get
1
\(r)
L[rur]=(rur)rr+\n&1r +
r
2+ (rur)r+
1
p&1
(rur)
+ p |u| p&1 (rur)
=r {urrr+\n&1r +
r
2+ urr+
1
p&1
ur+ p |u| p&1 ur=
+2urr+\n&1r +
r
2+ ur
=r \n&1r2 &
1
2+ ur
&2 {\n&1r +
r
2+ ur+
1
p&1
u+|u| p&1 u=
+\n&1r +
r
2+ ur
=&2 \r2 ur+
1
p&1
u+|u| p&1 u+ .
Combining this and (3.3), we obtain
L[V(r)]=&\(r) \r2 ur+
1
p&1
u+ .
Thus L[V(r)]= &\(r) V(r). K
By applying the Sturm comparison theorem (see, e.g., Chap. 8 of [1]),
we see from (3.2), (3.3) and Lemma 3.1 that U(r) oscillates faster than
u(r; :) and more slowly than V(r).
Let xj , yj , and zj denote j th zeros of U(r), V(r), and u(r; :), respectively.
For convenience’s sake, we put z0=0.
Lemma 3.2. Let (n&2) pEn. Then zj&1< yj<zj for every j.
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Proof. Since V(0)>0, V(z1)<0 and
V(zj&1) V(zj)=
zj&1zj
4
ur(zj&1; :) ur(zj&1 ; :)<0
for every j>0, V(r) has at least one zero in (zj&1 , zj). Hence it is sufficient
to show that V(r) has at most one zero in (zj&1 , zj).
Let y be any zero of V(r) in (zj&1 , zj). We have
Vr(r)=
r
2
urr+\12+
1
p&1+ ur
= &
r
2 {\
n&1
r
+
r
2+ ur+
1
p&1
u+|u| p&1 u=
+\12+
1
p&1+ ur
= &
r
2
V(r)+\ 1p&1&
n&2
2 + ur&
r
2
|u| p&1 u.
Hence we obtain
Vr( y)=\ 1p&1&
n&2
2 + ur( y; :)&
y
2
|u( y; :)| p&1 u( y; :)
=&{ 2p&1
1
y \
1
p&1
&
n&2
2 ++
y
2
|u( y; :)| p&1= u( y; :).
Here
1
p&1
&
n&2
2
e0
by assumption. Hence we obtain
Vr( y) {<0>0
if u( y; :)>0,
if u( y; :)<0.
This implies that V(r) has at most one zero in (zj&1 , zj). K
Remark 3.1. The assumption (n&2) pEn is needed only to show
Lemma 3.2.
Lemma 3.3. Let (n&2) pEn. Then zj&1<xj<zj for every j.
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Proof. Because U(r) oscillates faster than u(r; :) and more slowly than
V(r), the inequalities yj<xj<zj hold for every j. Then, by Lemma 3.2, we
obtain zj&1<xj<zj for every j. K
Now we are ready to give a proof of Proposition 1.
Proof of Proposition 1. First of all, we note that u(r; :)=0 implies
ur(r; :){0 because of the uniqueness of a solution to (1.2). This implies
that as : varies, any zero of u(r; :) appears or disappears only at .
Let zj (:) be j th zero of u(r; :). By definition, we have
u(zj (:); :)=0.
Differentiating this by :, we obtain
ur(zj (:); :)
d
d:
zj (:)+U(zj (:))=0.
Here, it follows from Lemma 3.3 that ur(zj (:); :) and U(zj (:)) have the
same sign. Hence we obtain
d
d:
zj (:)<0.
Thus any zero of u(r; :) never disappear as : increases. K
4. Proof of Proposition 2
In this section, for simplicity, we denote by .(r) a rapidly decaying solu-
tion of (1.2) with exactly i zeros in (0, ). We denote by z the i th zero of
.(r). If .(r)>0 on (0, ), then we put z=0. We also set
U(r) :=

:
u(r; :) }:=.(0) ,
V(r) :=
r
2
.r(r)+
1
p&1
.(r).
We will show that if : exceeds .(0), then the (i+1)st zero of u(r; :)
appears from .
Lemma 4.1. Let (n&2) pEn. Then U(r) has one and only one zero in
(z, ).
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Proof. We can show in the same manner as Lemma 3.2 that V(r) has
at most one zero in (z, ). Since U(r) oscillates more slowly than V(r),
U(r) also has at most one zero in (z, ). Multiplying (3.1) by .(r) and
integrating it by parts, we obtain
0=|
r
z
.(s) L[U] ds
=[\(s)[.(s) Ur(s)&.r(s) U(s)]] rz+|
r
z
U(s) L[.] ds,
that is,
\(r)[.(r) Ur(r)&.r(r) U(r)]= &\(z) .r(z) U(z)
&( p&1) |
r
z
\(s) |.(s)| p&1 .(s) U(s) dr.
(4.1)
Suppose here that U(r) has no zero in (z, ). Then, it follows from
Lemma 3.3 that .(r) U(r)>0 for r>z and .r(z) U(z)>0. Hence, by (4.1),
there exists a constant C1>0 such that
\(r)[.(r) Ur(r)&.r(r) U(r)]< &C1 for r>z,
which is equivalent to
[U(r).(r)]r<&C1 [\(r) .(r)2] for r>z.
Since \(r) .(r)2=0(1) as r   by (1.3), we can take a constant C2>0
such that
[U(r).(r)]r<&C2 for r>z.
This implies that
U(r).(r)  & as r  .
This contradicts the supposition. Thus it is shown that U(r) must have a
zero in (z, ). K
Lemma 4.2. Let (n&2) pEn. Then V(r) has one and only one zero in
(z, ).
Proof. Since V(r) oscillates faster than U(r), V(r) also has a zero in
(z, ). On the other hand, we can show in the same manner as Lemma 3.2
that V(r) has at most one zero in (z, ). K
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Let us put
W(r) :=
u(r; :)&.(r)
:&.(0)
.
Then W(r) satisfies
[\(r) Wr]r+\(r) { 1p&1+
|u| p&1 u&|.| p&1 .
u&. = W=0,
or
L[W(r)]=\(r) h(r) W(r),
where
h(r) :=p |.| p&1&
|u| p&1 u&|.| p&1 .
u&.
.
By definition, we have
lim
:  .(0)
W(r)=U(r), lim
:  .(0)
Wr(r)=Ur(r). (4.2)
This implies that if |:&.(0)| is sufficiently small, then W(r) has at least
i+1 zeros. Let ! be the (i+1)st zero of W(r). By Lemma 3.2 and (4.2), we
have !> yi+1 if :&.(0)>0 is sufficiently small.
Now we are in a position to prove Proposition 2.
Proof of Proposition 2. We will show that there exists R # (!, ) such
that
0<|u(r; :)|<|.(r)| for r # (!, R),
u(R; :)=0.
Suppose that
0<|u(r; :)|<|.(r)| for r # (!, R0),
W(R0)=0,
for some R0 # (!, ). Then h(r)>0 on (!, R0) in view of the convexity of
the nonlinearity. This implies that W(r) oscillates more slowly than V(r).
However, since V(r){0 on [!, ), W(r) cannot have a zero in (!, ).
This is a contradiction.
Next, suppose that
0<|u(r; :)|<|.(r)| for r>!. (4.3)
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Then it follows from Lemma 3.3 that
V(r) W(r)>0 for r>!. (4.4)
We have
[\(s)[V(s) Wr(s)&Vr(s) W(s)]] r!
=|
r
!
[V(s) L[W]&W(s) L[V]] ds
=|
r
!
[h(s)+1] V(s) W(s) ds.
Here h(r)>0 on (!, ) and V(!) Wr(!)>0. Hence there exists a constant
C1>0 such that
\(r)[V(r) Wr(r)&Vr(r) W(r)]>C1 for r>!,
which is equivalent to
[V(r)W(r)]r<&C1 [\(r) W 2] for r>!.
Since \(r) W(r)2=0(1) as r   by (1.3) and (4.3), we can take a constant
C2>0 such that
[V(r)W(r)]r<&C2 .
This implies that
V(r)W(r)  & as r  .
However, this contradicts (4.4). This completes the proof. K
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